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ABSTRACT

An integral equation is found for the currents on a pair of

symmetrical inductive strips in a rectangular waveguide, and is

solved by known techniques to the quasi-static approximation. The

integrals involved in the formula for the reactance presented to the

waveguide are expressed in terms of elliptic integrals, and by a

comparison of the result with the known result for a single inductive

strip, the mutual inductance between a pair of strips in a waveguide

is deduced.
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The Reactance of a Symmetrical Pair of Strips in Rectangular Waveguide

by L. Lewin

Introduction

Well-known formulae exist for the reactance produced by a single metal strip

across a waveguide of rectangular cross-section. Similar formulae exist for the re-

actance of a diaphragm or insert from the guide walls. In the capacitive case one can

be derived from the other by the method of images, and the same method will also

produce a configuration consisting of a strip and diaphragm (equivalent to a pair of

slits) or of two symmetrically placed strips. The method of images cannot be extended

to the inductive case, and the particular arrangement of strip and diaphragm (or pair

of slits) has been solved i using a singular integral equation approach. The present

paper solves the companion problem of the reactance of a symmetrically placed pair of

strips.

Geometrical Arrangement and Notation

lY

Idad
o -di

o-d2

d2

The figure shows a waveguide of width a containing in the aperture plane z = 0 two strips,

the first occupying the range y = d 1 to dZ and the other symmetrically disposed. We

refer all quantities to a time vector exp(jwt) and consider a wave of unit amplitude in the

dominant mode incident from the left. It is polarized in the x-direction (perpendicular

' Lewin, L., "On the Resolution of a Class of Waveguide Discontinuity Problems by the

Use of Singular Integral Equations", PGMTT, July 1961, p. 326.
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to the plane of the paper) and since no distortion of the plane of polarization is involved

in this problem all electric fields will be x-directed and we will concern ourselves only

with this component.

The Field in the Guide

The incident field is

sin(ir y/a) exp( -jk' z) (1)

where k' = Zr/xg and X is the guide wavelength. This field sets up currents on the

strips, which re-radiate back into the guide. If the current set up between the limits

y = q and ij+dq is written I(11)dTI then the field it produces is

dE = -jJ.20 kG(y, ?i)I(ri)d(ir ?I/a) (ZM

where the Green's function is given by
C0

G(y,I) = sin(niry/a) sin(nirij/a)exp(-TnIz1)/rn (3)

Here, k = Zw/X where X is the free-space wavelength, and the coefficients rn are given

by 1

rn = (nZir2/a- kZ)T - nv/a for large n

(4)

F 1 = jk'

The total field is obtained by integrating this from d1 to dZ and from a - dZ to a - dI.

In the latter part we change variable from il to a - n , making use of the symmetry

property to simplify the integral to a single range with the Green's function summed

over odd order modes only. We make the following changes of variable

-AlZO kI(il) = f(? tl/a)

wy/a = e (5)

Then the field radiated from the strip currents becomes, in the aperture plane,

E = Z ' f f(4) sin(ne) sin(n4)d4/rIn (6)

The prime indicates that the summation is over the odd integers only, whilst the inte-

gration is over a strip from 7rdl/a to ir d/a. If to this field be added the incident field,
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the total must be zero over the strip. Hence we have the following integral equation

for f(4)

0 = sin 0 + Z Z' ff('t) sin(nO) sin(n4)) d4)/rn , range of 0 and 4) over the strip. (7)
1

This equation can be re-written in a slightly different form, using the fact that the re-

flection coefficient R is the first term in (6), and the normalized reactance X is con-

nected to R by the relation

-jX.= -,-(I+R)/R (8)

Thus,

(XgX /a) sin 0 ff(4) sin.(4) de = Z ff(4)) sln(nO) sin(n4)) d4) (1"/arn) (9)

g 3

The Ouasi-Static Solution

The quasi-static form is obtained by writing r nit/a, n> 1, in (9). By the

method shown in reference 1 a finite number of correction terms could be added without

affecting the method. However, we shall be content here to examine the quasi-static

solution only. We add and subtract the first term of the series on the right, summing it

through the formula

sin(ne) sin(n4) 1log sin0+sin (10)
n ' 1 sin e + (n1

We also make the change of notation

(l +.X Xg/a) W (1)

so that (9) becomes

W sin eff(÷) sin( d)d ff log f sine+) d (1)

In order to solve this equation for f(+) we need to make a change of variable which

transforms the range from (Tr dl/a), (it d 2 /a) to 0, 7r. This transformation, due to

Schwinger, involves cosines; but since (1Z) involves sines it cannot be used directly.

A differentiation is required, but since any constant contained in, or implied (via a

Fourier series) in (12) goes out on differentiation, it must be expected that a return to

(12) will be necessary later to fully determine the characteristics of the solution. (This

is in contrast to the diaphragm problems, which can be solved in a straightforward

manner from their original equations).
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Differentiating (12) gives, after cancelling a factor cos e

Wff() sin(+)dý = -f f(+) sin(+)d+ (13)

coo 2+-cos 26
Make the substitution

coo 2+ = a + Px
(14)

cos Ze = a+ Py

where x and y are new integration variables (confusion here with the coordinate variables

will not arise), and a and P are chosen so that the range ir dl/a to Tr dZ/a of @ corre-

sponds to 1 to -1 of x. Hence

a + P = cos(2rd l/a), and a - P = cos(2ird 2 /a) (15)

Denoting the constant (with respect to 6) on the left of (13) by C, we get
1

C fl sec(+) f(+) dx/(x - y) (16)

with solution1  1

f(@) = (4C/ir) cos(+) (y+x)(1 - x 2 - , (17)

where y is an undetermined constant. Inserting this in the expression on the left of (13)

for C, we get the simple relation

W = -I/1y (18)

so that it remains only to determine y to obtain W, and hence X from (11). Returning to

(12) we find, putting x = cos )(, a new integration variable,
1

sin 0 + i-a-P Cos x\- 1

-47 sin8 = f 13(y+cos X) dX log 1 . 1 (19)
2 (laEosx) sinO - l4EOR 7

and this equation, using any convenient value of 0, determines y. A suitable value is

(wr d/a), the largest it assumes in its range. From (15) we get

sint b n1 +P )(1(20)
to be inserted into (19).
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Evaluation of the Integrals

We make the substitution
I

z = P <1 (21)

and consider the expression

I(s) =1 A dX log l+sZ (22)

Then we require I(s=l) fVl(s) ds, since 1(0) = 0. Hence
0

S1
IT 4f ZA7d)(d (23)

0 o 1-B Z

a form in which the • integration can be readily carried out:

I 1=2f ds2 k)(41

where the modulus k of the elliptic function is given by

I = sin(ir dl/a)

1-a•) sin(wdzia) (25)

from (15).

In a similar manner define

Jo I l+s Z I
(s) Zdy log 1+0 Z

0

1 1 -]-
J~ =l - f odd I+ /(-z) ds

0j s s2 (1_8s2)A(l-kZ sZ) TI

= K(k) - E(k) + 1 (see reference Z). (26)

2 Lewin, L., "Advanced Theory of Waveguides", Iliffe and Sons, 1951, p. 59.
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2Since P(y+ cos () in (19) is equal to (Py+l-a) -(l-a+P)Z , the integration of (19) can now

be expressed in terms of (24) and (26), and the final expression for the normalized

reactance is

X Ta [1 K 1 K(27)
g L ZE sin (7rdz/a) - K sin , (Ad + d sin d- d)

mod. sin (rr d 1/a)/sin(r dz/a)

This is very similar in form to reference 1, Eq. (41), for the double aperture case,

allowing for the different notation and complementary modulus. However, it does not

seem possible to deduce one from the other; Babinet's principle does not appear to be

applicable since the plane of polarization is not rotated.

It is readily confirmed that (Z7) reduces to the usual form for d 2 = a/Z, a

symmetrically placed single strip, and for d 1 = 0, a symmetrical inductive diaphragm.

From a comparison of equation (27), representing the reactance of a pair of

strips, with equation (3. 106) of reference (2), representing the reactance of a single

unsymmetrical strip, an expression can be found representing the mutual reactance

of a pair of strips symmetrically placed in a waveguide. In the limit of very small

strip width the mutual reactance x 1 2 to be added to the reactance of each strip is

given by

xl2 = + T-1+ cosec (Trd/a)log sec (Trd/aa (28)

where d is the displacement of a strip from the side wall. This formula is not valid

when d is of the order of the strip width.
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